The diffraction theory of the Foucault test is applied to discuss the intrinsic errors of the test when the Foucault shadows are interpreted by means of the ' grazing light ' fiction in the usual manner. In § 2, formulae are obtained for the effects on the Foucault shadows of an arbitrary small change in the figure of the mirror under test. In § 3 the case of a weak, narrow local zone on an otherwise nearly true mirror is discussed and expressions are obtained in terms of the zone-profile for the changes in the Foucault shadows caused by the presence of the zone. The relationship between the zone-profile inferred by means of the 'grazing light' interpretation of the shadows and that actually present on the mirror is analyzed in § 4, and it is shown that the analysis suggests some modifications in the practical technique of figuring mirrors under the Foucault test. Lastly, the general formulae established for weak, narrow zonal errors are compared with the results of computation in four selected special cases and it is shown that they may be expected to remain useful approximations in cases of interest to the practical mirror-maker.
In his account of the knife-edge testing of astronomical mirrors, published in 1859, Foucault gave a simple explanation of the properties of the test in terms of ray theory. His explanation, too well known to need repeating here, leaves certain rather conspicuous appearances unexplained; nevertheless, it has served ever since as the basis of the interpretation of the test by optical workers. In the practical use of the test, the unexplained appearances, such as the brilliant line of light seen round the rim of a nearly true mirror, or the dark fringes which form on the bright slopes of a zonal error several wave-lengths deep, are ordinarily set aside as * due to diffraction ' and ignored as far as possible, while the interpretation of the knife-edge shadows is made in a semi-intuitive manner by means of the 'grazing light' fiction.
This device consists in replacing the mirror surface in imagination by a flat disk on which parallel light falls, at nearly grazing incidence, from the side opposite to the knife-edge. The Foucault shadows are interpreted as relief-shadows and the bas-relief figure thus ' seen ' on the disk is taken to represent the error-figure of the mirror. Provided th a t the error-slopes are sufficiently small, the error-figure inferred in this way agrees in shape with th at which would be obtained by a photometric analysis of the Foucault shadows on the basis of ray theory. This does not mean, however, th a t it necessarily agrees in shape with the error-figure actually present on the mirror, and the relationship between the inferred and the actual errors remains a m atter for investigation.
In the present paper, the diffraction theory of the test is applied to make such an investigation in the case of a weak, narrow zone on the surface of an otherwise nearly true mirror, Foucault tested with a light-source of negligible dimensions.
This case is a favourable one for discussion, since it is one in which the conclusions are not much affected by the simplifying assumption th a t the pinhole-size is negli gible, and is not unlike cases actually met with in the zonal figuring of large astro nomical mirrors.
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E f f e c t o n t h e F o u c a u l t s h a d o w s o f a s m a l l c h a n g e i n f i g u r e
Formulae will first be derived for the effect of an arbitrary small change in the figure of an unfinished mirror on the intensities seen under the Foucault test. The waves leaving the mirror can be described, as in a previous paper (Linfoot 1946) , by means of the wave-function
where < fr(x, y) measures, in reflexion-fringes, the deviation of the mirror surface from the reference-sphere M0. The deviation may amount to many wave-lengths, but the figure of the mirror is supposed to be smooth enough to send all the reflected rays through the central parts of the aperture of the viewing system. The intensity seen under the Foucault test with the knife-edge in the plane through the centre of curvature of M0, but displaced laterally through a distance c from the central settingj is (Linfoot 1946, p. 83 
where, for
8 is the radius of curvature of M0, and the integral in (2*3) is a Cauchy principal value when -1 < x < 1. When | y \ > 1 , the value A change in the figure of the mirror can be expressed by adding to <p (x, y) is, for x2 + y2 < 1, so small th at its square can be neglected. This mean speaking, that the changes in profile are not too violent.
The intensity seen on the mirror under the Foucault test, with the knife-edge at the same setting as before, is now I{x,y\ c') = 12 7c ') |2, where
the second term on the right can be neglected provided th at x is not near the edge of the mirror,* and we obtain the approximate formula
for the changes in the intensities of the knife-edge shadows which result when an arbitrary small change of tj(x, y) fringes is made in the figure of the mirror.
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The effect of introducing small errors on a previously true mirror is obtained as a special case on setting
for x2 + y2 * < 1 , and (2*10) gives, for these values of x and y, I{x,y, c')-l0{x,y; c')
represents the intensities seen on the surface of a true mirror a t the same knife-edge setting. The condition (2-7) is always satisfied if the slopes of the 'error-surface' z = 7j(x,y) are everywhere small enough for their squares to be neglected; th at is, it is satisfied by small, slow errors of arbitrary form.
Local zonal errors
To discuss the appearance of a narrow local zone under the test, suppose th at i/r(x, y) is radially symmetrical and th at it vanishes outside the zone of width 28 and mean radius r.
During the removal of zonal error from surfaces of nearly perfect revolutionsymmetry, attention is usually concentrated on the ' main diameter ' of the surface (that is, the diameter running at right angles to the direction of the knife-edge) and the form of the zonal error is inferred from the intensities seen along this dia meter. These intensities are obtained on setting = 0 in (2* 10). In the case of a local zone, where rj(x, 0 ) is zero everywhere outside the ranges -r -d^x^ and r -8f^x ^ r + 8 , they satisfy the relation I{x, 0; c') -Ix(x, 0 ; c') = 2$ft|27rD1(a;, 0; c') ^2i7 r2?/(a;, 0) 0) <*"» provided that x is not too close to the ends of the diameter.
If Ex(x, 0 ) and Dx(x, 0; c') are nearly constant as x varies on and near the zone, (3*1) can be replaced there by the approximate equation
where p = ±r according as x >0 or x < 0. In particular, (3-2) can be used when 81 and Ex(x, 0) vari whole range -1 < x < 1; th at is to say, in the case of a narrow local zone on a n true mirror. In this case, the distance (approximately 10 c'-units) through which the knife-edge must be moved laterally to change the appearance of the main part of the mirror from 'fully lit' to 'fully d a rk ' is small compared with the horizontal resolving power of each of the two segments -r -8 ^ -r + 8 and r -8^t^r + 8 cut off by the zone on the main diameter, and the value of js accordingly nearly constant over these two Granges for the relevant values of c' and of x.
To make the hypotheses more definite, we agree to say th a t a; is 'on or n ear' the zone when it satisfies one of the two conditions
For such values of x, -r, 0) approximately. When x satisfies (3*3), the second term on the right of (3*5) is small in comparison with the first; when x satisfies (3*4), the first is small in comparison with the second. In either case, (3*5) can be replaced by the equation In the special case of a narrow local zone on an otherwise true mirror, (3-6) becomes, in virtue of (2*11),
a result which can also be derived from (2* 12). When the knife-edge is centrally set (c' = 0), (3*7) takes the simpler form {I{x,0; 0) -J^O ; 0)} = -s g n s lo g (3'8)
In the more general case where small, slow irregular errors may also be present on the mirror, we write
Ex (x ,y ) = and suppose ( j > ( x, y) so small th a t its square can be neglected. Then y) = < p{x, y) to the same order of approximation, and an application of (2*9), with
in place of 2 ttD xa nd with Dx in place of D, gives
Since the irregular errors are assumed to be slow, the integral
is of the same order of smallness as 7 ]x(x, 0 ) itself, an can be neglected. (3-11) therefore gives 2nD^0;c') Ex(x, 0) = 2ttX>0(x, 0; c ' ) -2tj-P (3.12) J -l t -x and on substituting in (3-6) we obtain
Vi(t;0)-Vi(p,0) t-p cos c'(t -p)dt ]•
The last terms in the two square brackets are respectively less than 27rT(p, 0), 2T(p, 0) in absolute value; they can therefore be neglected to the present approximation. I t follows that (3*7), and its particular case (3-8), remain valid approximations when, in addition to the narrow zonal error described by £(r), small irregular slow errors are present on the mirror surface.
I nterpretation of the test
Along the main diameter y = 0, the inferred error-slope of th a weak, narrow zone is proportional to I0 ; as the lateral setting of the knife-edge is varied, although the variations in the shape of the inferred error-profile are not large enough to attract notice in the ordinary use of the test.
When c' = 0, i.e. when the knife-edge is central, the inferred error-profile P(x) or £*(£) on the mirror is given, apart from an appropriate scale factor* and an arbitrary additive constant, by the equation (4-2) expresses the distortion which the zone-profile undergoes when 'seen' under the Foucault test with the knife-edge centrally set. That is to say, it describes the 'intrinsic error' of the test when applied to a weak, narrow zone of mean radius r on an otherwise nearly true mirror.
The corresponding formula when the knife-edge is non-central is obtained by substituting from (3-7) into (4*1); it is C ® = [Ci{| e'(l +p) |} -Ci{| c'(l -p ) |>] &u)du
Equations (4-2), (4*3) allow some general conclusions to be drawn about the relation between the inferred profile of a weak, narrow zone and its actual profile. (4-3) can be written where the coefficients
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depend on p = r sgn x and on c', but not on S. I t follows th a t the apparent distortion imposed by the test on the zone-profile is independent of the zone-width; two narrow zones of the same mean radius but of different widths will possess the same inferred profile £*(£) if they possess the same actual profile. By (4-4), £*(£) is a linear combination of the two functions and
The first of these is a Faltung or 'sm ear' of £(r) by means of the function log 1/| r |. Rapid changes in the slope of the zone-profile are smoothed and rounded off by the smearing process, which also ' spreads ' the zone, so th at £(1 )(r) does not vanish every where outside the interval -1 < t < 1, as £(t) does, but tails off gradually. Figure 1 illustrates this in the particular case
When the zone has a symmetrical profile, i.e. when £(r) is an even function of r, £(1 >(t) is likewise an even function and the ' smeared ' zone is symmetrical. However, the inferred profile (4-4) is not symmetrical, because of the effect of the term in £(2)(£).
The function £(2)(£) is constant outside the interval ( -1, 1) but its value is not in general the same on both sides of the interval. In the case of a high or low zone, where £(r) is of constant sign in £-1, 1), the smeared function £a)(£) is monotonic in each of the ^-ranges outside this interval; therefore the inferred profile
£*(£) = A p m + B£<*(£)
is likewise monotonic in ( -oo, -1) and in (l,oo), whatever may be the values of A and B. That is to say, a t no setting of the knife-edge do maxima or minima of the
F igure 1. The functions £(£) (solid curve), £(1)(£) and £(2)(£) in the case (4*8).
B/A
F igure 2 inferred zone-profile ever lie outside the actual zone. But their positions within the actual zone vary when the ratio B/A varies; th at is, they depend on the lateral setting of the knife-edge and on the situation of the zone on the mirror disk. The curves in figure 2 show the values of B/A as c' varies, for zones of mean radius 0*25, 0*5, 0-65, 0-80 respectively; the values of c' which are of most practical import ance are those between -2 and +1 (Linfoot 1946, p. 86;  figures 6 a, 6). In this range of values of c', BjA may be approximated to with sufficient accuracy for practical purposes by the expression a(p) ( c' + 2), where -25, 0-5, 0-7, 11 for zones of mean radius 0*25, 0-5, 0-65, 0-80 respectively. In figure 3 are shown the inferred zone-profiles, calculated from (4-4), corre sponding to the actual profile (4-8) in the cases c' = -1, c' = 0. The value c' = -1 corresponds to an approximately 'half-lit' mirror disk and the value c' = 0 to a centrally set knife-edge; in the latter case, the disk contains only one-third as much light as with the knife-edge withdrawn (Linfoot 1946, p. 90) . I t will be seen th a t the inferred zone spreads well beyond the boundaries of the actual zone and th a t its crest is displaced outward by an amount which increases as c' increases frota -1 to 0. The displacement, though not very noticeable on the inferred profile, amounts to an appreciable fraction of the actual zonal width when c' = 0. The zone ' seen ' under the test in practice is a composite impression built up from the inferred profiles for the values of c' which make the zone show up most pro minently on the mirror disk, and these values may be taken to lie between -2 and -f 1 when the mirror is nearly true. A ring-polisher made to suit the inferred zone should therefore be found to work rather too much on the outer slopes of the zone and, because it is too broad, should produce a somewhat different effect from th at intended. To reduce the zone with greater efficiency, the ring-polisher should be designed to work almost entirely on the central part of the apparent zone and should be set slightly inside the inferred crest-radius.
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The well-known difficulty, in correcting mirrors by local polishing with the help of the Foucault test, of preventing the polisher from going outside the limits of the local error under treatm ent is usually regarded as a difficulty in the manual control of the polisher. According to the present analysis, it may be attributed, in part at least, to the errors inherent in the usual method of interpreting the Foucault shadows.
I t is natural to ask how far these conclusions, established only for sufficiently narrow zones of very small height or depth, remain valid as useful approximations when applied to zones of the widths and depths commonly met with in practice. To estimate this, computations of the intensities in four selected special cases were made from the basic formula (2-3), which for practical purposes can be regarded as exact, and the corresponding inferred profiles were computed from (4-1). There is of course a certain arbitrariness in the use of (4*1) to define the inferred error-profile when the intensity-changes are no longer small. The four cases selected were high zones of mean radius 0-65, width 0-20, profile shape £(t) given by (4-8), and heights fringe and \ fringe respectively, tested with the knife-edge a t the lateral settings c' --1 and c' = Figures 4 and 5 show the results for a zone of height fo fringe. I t will be seen th at in this case the inferred profile derived from the approximate formula (4-4) agrees sufficiently well in shape with that derived by computation from the accurate formula (2-3).
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F igure 7. Inferred error-profiles corresponding to figure 6. The dotted curves show the shape of the actual error-profile.
The results for a zone of height | fringe are shown in figures 6 and 7. Here the inequality between the apparent strengths of the zone on the left-and on the righthand zonal segments is considerable, and the agreement between (4*4) and the accurate formula is not very close. This is hardly surprising, since the condition th at the depth of the zone should be small compared with A/27 is far from being satisfied. Even in this case, however, it appears from figure 7 th at the general conclusions drawn above retain sufficient validity to be useful to the practical mirror-maker.
